Abstract. Let g be a metric on S 3 with positive Yamabe constant. When blowing up g at two points, a scalar flat manifold with two asymptotically flat ends is produced and this manifold will have compact minimal surfaces. We introduce the Θ-invariant for g which is an isoperimetric constant for the cylindrical domain inside the outermost minimal surface of the blown-up metric. Further we find relations between Θ and the Yamabe constant and the existence of horizons in the blown-up metric on R 3 .
then the corresponding asymptotically flat metric is R 3 equipped with its standard Euclidean metric and hence does not possess any compact minimal surface. On the other hand, if g is close enough to a scalar flat metric, then the corresponding asymptotically flat metric will have an (outermost) minimal surface, see [3] , [13] , and Section 5. To characterize the metrics g on S 3 for which (M \ {p}, G 4 p g) have a minimal surface is an open problem.
One the contrary, if g est a metric on S 3 blown-up at two points, then it always contains an horizon. In other words, if g is a metric on S 3 , and if p, q ∈ S 3 are distinct points of S 3 then (S 3 \ {p, q}, (G p + G q ) 4 g) is asymptotically flat and scalar flat but possesses an outermost minimal surface since S 3 \{p, q} is not diffeomorphic to R 3 . The existence of this outermost minimal surface allows us to apply powerful tools such as the weak inverse mean curvature flow developed by Huisken and Ilmanen [7] .
In this paper, we define the invariant Θ by
where Σ is the only outermost minimal surface in (S 3 \{p, q}, (G p +G q ) 4 g) bounding a cylindrical domain Ω diffeomorphic to S 2 × (a, b) for some a, b ∈ R, a ≤ b. Here the volume of Ω and the area of Σ are computed in the metric (G p + G q ) 4 g. We show that Θ g p has several interesting properties, in particular it is related to the Yamabe constant of g.
Beside these interesting properties, the motivation for studying such an isoperimetric quotient comes from the following observation : the metric (G p + G q ) 4 g tends to 16G
4 p g in all C k on all compact sets K ⊂ S 3 \ {p} when q tends to p. It then seems natural to study such metrics blown up in two points to get information on the metrics blown up in one point. We expect to get results of this kind by studying the behavior of Θ g p (q) as q tends to p.
Preliminaries
In this section we recall some well-known facts about asymptotically flat 3-manifolds, the inverse mean curvature flow, and the Yamabe operator. We begin by establishing some notational conventions.
The standard euclidean metric on R 3 is denoted by ξ and the round metric on S 3 of constant sectional curvature 1 is denoted by σ. For a Riemannian manifold (M, g) with a point p ∈ M we denote by B g p (δ) the open ball of all points of distance less than δ to p. The gradient of a function u is denoted by ∇ g u or ∇u, since it usually only appears in norm |∇u| g there is no risk of confusion when omitting the Riemannian metric from the notation. For an open subset Ω in the Riemannian 3-manifold (M, g) we denote the volume by |Ω| g and for a surface Σ in M we denote the area by |Σ| g .
Asymptotically flat 3-manifolds.
Definition 2.1. Let (M, g) be a Riemannian 3-manifold.
• An asymptotically flat end of (M, g) is an open set E of M diffeomorphic to the complement of a compact set in R 3 . In the coordinates given by this diffeomorphism the metric g is required to satisfy
for large |x|.
• The Riemannian manifold (M, g) is said to be asymptotically flat if (M, g) with a compact set removed is a union of asymptotically flat ends.
The simplest example of an asymptotically flat manifold is (R 3 , ξ) which has one end. Another example which plays a central role in many problems is the spatial Schwarzschild manifold defined by
This is an asymptotically flat manifold with two ends. Note that it possesses an involutive isometry fixing the sphere of radius m/2 (with respect to ξ) centered at the origin. In the Schwarzschild metric this sphere has area 16πm 2 . Let E be an asymptotically flat end of (M, g). Then, Arnowitt, Deser, and Misner [1] introduced the ADM mass given by
where S r is the sphere centered at the origin and of radius r in R 3 and where da ξ is the area element induced by ξ on S r . This quantity does not depend on the coordinates and is finite when
See for instance Bartnik [2] for further discussion. A fundamental result concerning the mass is the Positive Mass Theorem.
Theorem 2.2. Let (M, g) be an asymptotically flat 3-manifold whose scalar curvature is non-negative and satisfies (2) . Then
for each end E with equality if and only if (M, g) is isometric to (R 3 , ξ).
This theorem was first proved by Schoen and Yau [11] , notable among the other proofs available is the one of Witten [12] which uses spin geometry.
A compact minimal surface in an asymptotically manifold is called an horizon. A minimal surface is called outermost [4] if it is not contained entirely inside another minimal surface.
2.2.
Inverse mean curvature flow. In their proof of the Penrose inequality [7] , Huisken and Ilmanen introduced the "weak inverse mean curvature flow". The standard inverse mean curvature flow may develop singularities and is therefore difficult to use. On the contrary, the weak inverse mean curvature flow gives a flow for "almost all t" and provides a powerful technique in many situations. As an example, Bray and Neves [5] 
Here |Σ| h is the area of Σ computed using the metric h.
We collect the main properties of the inverse mean curvature flow as in [5, Theorem 5.2].
Theorem 2.4. [7] Let (N, h) be an asymptotically flat 3-manifold with non-negative scalar curvature. We assume that N is diffeomorphic to R 3 \ B where B is the unit ball in R 3 and that ∂N = S 2 is an outermost horizon. Then, there exists a precompact locally Lipschitz function Φ satisfying
• for all t ≥ 0, Σ t := ∂{Φ < t} defines an increasing family of C 1,α surfaces such that Σ 0 = Σ; • for almost all t ≥ 0, the weak mean curvature of Σ t is |∇Φ| h ; • for almost all t ≥ 0, |∇Φ| h = 0 on Σ t for almost all x ∈ Σ t (with respect to the surface measure) and
2.3. The Yamabe operator and the Green's function. Let g be a Riemannian metric on the 3-sphere S 3 . We set
This self-adjoint elliptic operator is called the Yamabe operator and is conformally invariant in the following sense. If h = u 4 g where u is a smooth positive function is a metric conformal to g then the Yamabe operators of g and h are related by
and the scalar curvature of h is given by
The Yamabe constant of the metric g is defined by
.
The number µ(g) is conformally invariant and it is known that µ(g) > 0 (resp. µ(g) = 0, resp. µ(g) < 0) if and only if there exists a metric in the conformal class of g with positive (resp. identically zero, resp. negative) scalar curvature.
Assume from now on that the metric g has a positive Yamabe constant. Then L g is invertible and if p ∈ S 3 is a fixed point, this allows to construct the unique
in the sense of distributions, and has the expansion
at p, where α p is a smooth function defined in a neighborhood of p. Set S p := S 3 \{p} and g p := G 4 p g. Then the Riemannian manifold (S p , g p ) is asymptotically flat with one end E p = S p , by (3) and (4) it is scalar flat, and one can deduce from (5) that its mass is given by [8, Lemma 9.7] 
As an example, if g is the round metric on S 3 , one easily checks that (S p , g p ) is isometric to R 3 equipped with its standard Euclidean metric. A question which we will interest us here is the existence of horizons for the metric g p , that is of compact minimal surfaces in the Riemannian manifold (S p , g p ). First note that the same construction on any 3-manifold not diffeomorphic to S 3 always gives rise to a horizon. Note also that, as an application of the techniques from [5] , Miao finds that a necessary condition for the existence of a horizon is that
2/3 where σ is the round metric on S 3 , see [10] . Now, let us define g p,q := (G p + G q ) 4 g and S p,q := S 3 \ {p, q} for p, q ∈ S 3 . Then (S p,q , g p,q ) is also asymptotically flat and scalar flat but has two ends E p and E q , whereas (S p , g p ) has only one end. As an example, if g = σ is the round metric on S 3 and if q = −p, then (S p,q , g p,q ) is isometric to the Schwarzschild manifold (R 3 \ {0},
near p and since
near q, one checks that the masses m gp,q (E p ) and m gp,q (E q ) of the manifold (S p,q , g p,q ) at the ends E p and E q are given by [8, Lemma 9.7] 
Another important difference compared to the case of one blow-up point is that (S p,q , g p,q ) has always an horizon. We deal with the outermost horizon. More precisely, there exists a compact minimal surfaceΣ p,q (not necessarily connected) in (S p,q , g p,q ) bounding a bounded domainΩ p,q (maybe empty) such that any other compact horizon lies insideΩ p,q . One sees that the connected components ofΣ p,q are diffeomorphic to S 2 (see Lemma 4.1 in [7] ). At least one and at most two of them divide S p,q in two non-compact parts. Let Σ p,q be this (or these) dividing sphere.
If the surface Σ p,q has two connected components then it bounds a domain Ω p,q diffeomorphic to S 2 ×(a, b) (with a < b). If Σ p,q has only one connected components, then Ω p,q is empty, and can be viewed as a limit case: Ω p,q is diffeomorphic to
with a = b so that by extension, we say that ∂Ω p,q = Σ p,q even if Ω p,q is empty. Finally, one can see that
where p can be zero and where for all i, Σ i is a 2-sphere bounding a 3-ball Ω i . We get thatΩ
see Figure 1 for an illustration.
The Θ-invariant, definition and basic properties
Let g be a metric on S 3 with positive Yamabe constant. We fix a point p ∈ S 3 and define (S p,q , g p,q ) as in Subsection 2.3. Then, we define the Θ-invariant by
for q ∈ S 3 \ {p}. The goal of this paper is to explore properties of Θ g p . We start with some basic properties. (i) The function Θ is conformally invariant. In other words, if g and 
u(p) 6 u(q) 6 |Ω p,q | gp,q . Here the notation | · | h indicates that the area (or volume) is computed using the metric h. We get |Ω
, and hence Θ (iii): Let p, q ∈ S 3 be fixed. Clearly, there exists a conformal diffeomorphism α of (S 3 , σ) with α(p) = p and α(q) = −p. By Property (i), we can then assume that q = −p. From Subsection 2.3 we see that (S p,q , g p,q ) is isometric to R 3 \ {0} equipped with the Schwarzschild metric. In particular, Ω p,q is empty from which Property (iii) follows.
An upper bound for Θ
In this section we prove the following result.
Theorem 4.1. For all p, q ∈ S 3 , p = q, and all metrics g such that µ(g) > 0 we have
where σ is the standard round metric on S 3 . Note that Theorem 4.1 provides an alternative proof of Property (iii) in Proposition 3.1.
In our mind, the main interest of this result, as well as Theorem 5.1 in next Section, is to exhibit how the Θ-invariant is closely related with the Yamabe constant. Its proof relies on convexity inequalities combined with Bray and Neves techniques [5] using the weak inverse mean curvature flow. The trick here is to apply these techniques on (S p,q \ Ω p,q , g p,q ) which consists in two connected components, each of them being an asymptotically flat manifold.
We begin with a technical lemma.
Lemma 4.3. Let (N, h) be an asymptotically flat manifold whose boundary is the outermost compact minimal surface. Let (S, g S ) be one half of the spatial Schwarzschild manifold with m = 2, see (1), whose boundary is the minimal sphere {|x| = 1}. Let also Φ and Φ S be the functions given by Theorem 2.4 and associated to the weak inverse mean curvature flow on (N, h) and (S, g S ).
Finally, denote by Σ t := {Φ = t} and Σ S t := {Φ S = t} the level sets of Φ and Φ S . Then,
and
for almost all t. Here if Σ is a compact surface, |Σ| h denotes its area in the metric h.
The proof of this lemma is entirely contained in the work of Bray and Neves [5] , but not stated in this way. So, we recall the proof here. The integrals above are not obviously convergent since ∇Φ can have zeros, the existence of the integrals is carefully justified in [5] and we do not recall all details of these arguments.
be the Hawking mass of Σ t . By Theorem 2.4 we have
This gives
Σt
By the Cauchy-Schwarz inequality,
and finally
Observe that the Hawking mass is constant for the inverse mean curvature flow on (S, g S ) and also that |∇Φ S | gS is constant on the corresponding Σ S t . So the above reasoning is still valid on (S, g S ) but all inequalities become equalities. In other words we have
Together with Inequality (10) we get Inequality (8) .
The Hölder inequality tells us that
Using this together with the observation
With this Lemma we are prepared to prove the Theorem.
Proof of Theorem 4.1. Using the same notation as in Equation (7), we see that the set S p,q \Ω p,q has exactly two connected components diffeomorphic to R 3 \B (where B is the unit ball of R 3 and whose boundary is an outermost horizon. We denote by M 1 and M 2 these two connected components (which are asymptotically flat manifolds in the metric g p,q ). Let Σ 1 and Σ 2 stand for the respective boundaries of 
on Ω p,q , where
, and |∇η ǫ | g ≤ 2/ǫ. One easily computes that
By the definition of µ(g), we then get that
where the infimum is taken over all smooth non-zero functions w which are identically zero in a neighborhood of p and q. Since µ is conformally invariant and since C ∞ is dense in C S we have
Sp,q
where the infimum is taken over all non-zero functions locally Lipschitz functions
We have,
Let (S, g S ) be one half of the spatial Schwarzschild manifold and let Φ S be the function associated to the weak inverse mean curvature flow on (S, g S ) and whose level sets will be denoted by Σ S t . We set a 0 := |Σ S 0 | gS and a i := |Σ i 0 | gp,q for i = 1, 2. One can compute that
on Σ S t . By the coarea formula, Inequality (8) , and the fact that |Σ
where I is defined as
Doing the same on M 2 and inserting the value of I which is computed in Lemma A.1 in Appendix A we obtain
Now we write
By the coarea formula, Inequality (9), and Equation (12) we get
where J is defined as
Hence, doing the same on M 2 and using the value of J from Lemma A.1 we obtain
Plugging (13) and (14) in (11), we conclude
It follows that
where
(a 1 + a 2 ) 3/2 . Elementary arguments show that
Note that if Ω p,q = ∅, then a 1 + a 2 ≤ |Σ p,q | gp,q . If Ω p,q = ∅, then the boundaries of M 1 and M 2 are exactly Σ p,q which is a connected component of Σ p,q and hence a 1 + a 2 = 2|Σ p,q | gp,q . In both cases, a 1 + a 2 ≤ 2|Σ p,q | gp,q and
Plugging (16) and (17) in (15) we get
, and Theorem 4.1 follows since µ(σ) = 6(2π 2 ) 2/3 .
Metrics with large Θ-invariant
Note that the upper bound of Θ g p (q) provided by Theorem 4.1 will tend to infinity if the metric g tends to a metric with vanishing Yamabe constant. In the following theorem we prove that Θ g p (q) itself tends to infinity in that situation. 
This theorem implies in particular that if the metric g is close enough to a metric of zero Yamabe constant then Θ g p ≡ 0. The proof is inspired by an argument of Beig and O'Murchadha [3] . The main result of [3] is that (S p , g
Proof. First, Theorem 4.1 tells us that
To show the opposite implication we assume that µ(g ∞ ) = 0. Since µ and Θ g p are conformally invariant, we can further assume that Scal g ∞ ≡ 0 and therefore there exists a sequence (ǫ k ) tending to 0 such that
where we use the notation r k = d g k (p, ·). We start by proving the following result.
Lemma 5.2. There is a subsequence of (g k ) for which the corresponding functions α k p can be decomposed as α
where (a k p ) is a sequence of real numbers tending to ∞ and where β k p ∈ C ∞ is a smooth function such that
and such that β
Here the notation in the last claim means that β k p C 1 /a k p tends to zero as k → ∞. In the following proof C > 0 stands for a constant which is independent of k but may change from line to line.
Proof of Lemma 5.2. First we prove that lim sup
From the definition of G k p together with (5) we have
To get a contradiction we assume that (20) does not hold.
. By Equation (18), the right-hand side of this inequality tends to zero which is not possible. This proves (20).
Next we set
Since by assumption g k → g ∞ in all C l , l ∈ N, the Sobolev inequality
holds with a constant C independent of k. Here, for any s > 1, H s 2 is the space of L s functions whose derivatives of first and second order belong to L s . Let now l > 1. By standard regularity result, see for example [8, Theorem 2.4] ,
Using (18) we write
From the definition of β k p together with (18) we get
Since the derivatives of η(r k ) are supported in M \ B g k p (δ), the second and third terms of the right hand side in the expression above are bounded by some constant C > 0 independent of k. One can also compute [8, Section 6] 
In particular, we easily deduce from (22) that
Let λ k denote the first eigenvalue of ∆ 2 dv
The sequence (λ k ) has a non-zero limit since the metrics (g k ) converges, and hence the sequence (λ 
